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Selected Solution to Assignment 5
Supplementary Problems

1. (Optional) Let P be a plane given by the equation ax+by+cz = d. Show that the distance
from a point (zg, yo, 20) to P is given by the formula

lazo + byo + czo — d|
Va2 + b2 + 2 '
Hint: Treat it as a constrained minimization problem.
Solution. Minimize the function F(z,y,2) = (x — 20)? + (y — y0)? + (z — 20)? subject to
the constraint g(x,y,z) = ax + by + cz — d = 0. By Lagrange multipliers, the minimizer
(x,y, z) satisfies OF /0x = \0g/0x,0F /0y = X\0g/dy, 0F/0z = A\dg/0z. In other words,
T—T9g=Aa, y—yYo=Ab,z—zp = Ac.
Plugging this into the constraint,
a(zp + Aa) + b(yo + Ab) + ¢(z0 + \c) = d
gives
d — (azxg + byo + c2p)
a?+b% 4 2 ’
Using this, the minimizing point is attained at * = xg + Aa,y = y + 0+ Ab,z = 20 + Ac
and the distance is given by

A\ =

lazo + byo + czo — d|
Va2 +b? + c? ’

2. Let  be a region in space Which is symmetric with respect to the zy-plane, that is,
(z,y,2) € Qif and only if (z,y, —z) € Q. Show that

// flz,y,2)dV =0,

when f is odd in z, that is, f(x,y,—2) = —f(x,y,2) in Q. You may assume {2 is of the
form {(z,y,2) : fi(z,y) <z < fo(z,y), (z,y) € D}.

Solution. By assumption, fi = —f2 < 0 and so §2 can be decomposed into the union of €24
and Qo where Q) = {(z,y,2) : —fa(z,y) <z <0}and Q2 ={(z,y,2) : 0< 2 < fo(x,y)}.

We have ///Qfdvz//mfdv+///mfdv.

///Ql fav. = //D /_OMW f(z,y,2)dzdA(z,y)
= / /D /0 e f(x,y, —2) dzdA(z,y)

fa(zy)
— —// / f(x,y,2)dzdA(x,y) (since f is odd in 2)
DJo

/e

and the conclusion follows.

Vi@ —20)2+ (y — 90)2 + (2 — 20)2 = VA2a2 + A2b2 + A2 =




